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Steady progress in the miniaturization of structures and devices has reached a scale where thermal
fluctuations become relevant and it is thus important to understand how such fluctuations affect their
mechanical stability. Here, we investigate the buckling of thermalized sheets and we demonstrate
that thermal fluctuations increase the critical buckling load due to the enhanced scale-dependent
bending rigidity for sheets that are much larger than a characteristic thermal length scale. The
presented results are universal and apply to a wide range of microscopic sheets. These results are
especially relevant for atomically thin 2D materials, where thermal fluctuations can significantly
increase the critical buckling load because the thermal length scale is on the order of nanometers at
room temperature.
The mechanics of slender structures has been stud-
ied for centuries [1] but is still actively explored to this
day because geometrical nonlinearities lead to many in-
teresting phenomena involving buckling, wrinkling, and
folding [2–6]. In the 19th century, a concentrated ef-
fort was made to characterize critical loads at the on-
set of mechanical instabilities [7–11], because engineers
had to design stable and safe buildings, structures, and
machines. However, in recent years, it has become a
trend to exploit these instabilities in order to make so-
called mechanical metamaterials in a wide range of ap-
plications including flexible electronics [12–14], flexible
photovoltaics [15–18], tunable surface properties (drag,
adhesion, hydrophobicity/hydrophilicity) [19–21], tun-
able photonic and phononic band gaps [22–25], mechan-
ical cloaks [26, 27], self-assembled/self-folded robots and
structures [28–30], shape-changing materials [31–33], and
mechanical topological metamaterials [34–38].
Many slender structures and mechanical metamaterials
have been successfully translated from the macroscopic
to the microscopic scale, where they are used as flex-
ible electronics [39, 40], self-folding structures [41–45],
devices for targeted drug delivery [46–49], for the manip-
ulation and isolation of cells [50–52], and also in diverse
environmental and industrial applications, including wa-
ter monitoring, remediation, and detoxification [53–55].
As we strive to make devices and machines smaller and
smaller, we are ultimately going to reach a scale where
defects and thermal fluctuations become relevant. Thus,
it is important to characterize how these two effects are
going to affect mechanical properties and the stability
of slender structures. In this letter, we focus on ther-
mal fluctuations that become relevant once the narrow
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dimensions of structures reach the scale of nanometers.
In many systems this condition is already satisfied, such
as for graphene kirigami [39] and graphene-based self-
folding origami [43, 44], where we expect that thermal
fluctuations significantly affect their mechanical proper-
ties, including the critical buckling load, which is the
focus of this letter.
Here, we consider a coarse-grained description of a
freely suspended linear elastic sheet with the bending
rigidity κ0 and the 2D Young’s modulus Y0. In the ab-
sence of external loads, thermal fluctuations effectively
modify elastic constants and make them scale depen-
dent [56–58]. We refer to these effective constants as the
renormalized elastic constants. The renormalized bend-
ing rigidity κR can be extracted from the spectrum of
the height fluctuations h(r), which are the out-of-plane
displacements from the reference undeformed athermal
flat state and they can be measured in experiments or
simulations, as [56–58]
〈h(q)h(−q)〉 = kBT
AκR(q)q4
, (1)
where we introduced the Boltzmann constant kB , the
ambient temperature T , the area A of the undeformed
flat sheet, and the Fourier transform of the height pro-
file h(q) =
∫
(d2r/A) e−iq·rh(r). Here, r ≡ (x, y) and
q ≡ (qx, qy). Similarly, the renormalized Young’s mod-
ulus YR can be obtained from the fluctuation spectrum
of the in-plane displacements [56–59]. Figure 1 shows
the scaling functions for the renormalized bending rigid-
ity κR(q) and Young’s modulus YR(q). Thermal fluctua-
tions effectively increase the bending rigidity and reduce
the Young’s modulus, which scale as
κR(q)
κ0
∼
{
1, q  qth
(q/qth)
−η, q  qth , (2)
YR(q)
Y0
∼
{
1, q  qth
(q/qth)
+ηu , q  qth .
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FIG. 1. Universal scaling functions for the renormalized bend-
ing rigidity κR(q) and Young’s modulus YR(q) that are nor-
malized by the zero temperature values κ0 and Y0. The tem-
perature dependent transition wave vector qth is defined in
Eq. (3). Scaling functions were obtained with the perturba-
tive renormalization group procedure [59].
Here the scaling exponents η ≈ 0.80 − 0.85 and ηu =
2−2η ≈ 0.3−0.4, which were estimated theoretically [60–
66] and confirmed in atomistic and coarse-grained Monte
Carlo simulations [67–74], quantify the scale dependence
of the elastic constants driven by thermal fluctuations in
the range of wave vectors up to the transition scale [61–
63, 65]
qth =
√
3kBTY0
16piκ20
. (3)
above which thermal fluctuations are no longer signif-
icant. This transition scale can be used to define the
thermal length scale
`th ≡ 2pi
qth
=
√
64pi3κ20
3kBTY0
(4)
beyond which thermal fluctuations become important.
The scaling functions for the renormalized bending
rigidity κR(q) and Young’s modulus YR(q) presented in
Fig. 1 are universal and they hold for all isotropic micro-
scopic sheets, where the continuum theory applies, i.e.
for wave vectors q that are much smaller than the micro-
scopic cutoff Λ ∼ 1/a0, where a0 is e.g. the lattice spac-
ing in 2D crystalline sheets. Note that due to thermal
fluctuations the microscopically anisotropic sheets, such
as black phosphorene, behave like isotropic sheets in the
long wavelength limit [75]. At room temperatures ther-
mal fluctuations are important for freely suspended 2D
crystalline sheets, such as graphene (`th ≈ 4 nm [76, 77])
or MoS2 (`th ≈ 40− 50 nm [78, 79]), which can easily be
fabricated on the microscale. Thus thermal fluctuations
in these systems significantly increase the bending rigid-
ity and reduce the Young’s modulus (see Fig. 1). The
characteristic diameter of clay platelets is≈ 100−500 nm,
which is comparable to the thermal length scale `th ≈
100− 1, 000 nm at room temperature [80]. Similarly, the
diameter of red blood cells (6 − 8µm) is comparable to
the thermal length scale `th ≈ 2 − 10µm at room tem-
perature [81–84].
When the external compressive load σij (i, j ∈ {x, y})
is applied to the boundary of the elastic sheet, the spec-
trum of height fluctuations becomes [59, 71]
〈h(q)h(−q)〉 = kBT
A [κR(q)q4 − σijqiqj ] . (5)
Note that for sufficiently large compressive loads σij the
denominator in Eq. (5) can become negative, which re-
flects the fact that the flat state becomes unstable and
the sheet buckles. The critical buckling load σbR corre-
sponds to the minimum compressive load, where the de-
nominator in Eq. (5) vanishes. For the biaxial compres-
sion (σij = σδij , where δij is the Kronecker delta) and
for the uniaxial compression (σij = σδixδjx) the criti-
cal buckling load is σbR = κR(qmin)q
2
min, where qmin is the
smallest wave vector allowed by the boundary conditions.
Here, we consider periodic boundary conditions for the
biaxial and uniaxial compression, as well as the clamped-
free boundary conditions for the uniaxial compression
(two edges that experience the load are clamped, while
the other two edges are free). For a square sheet of size
`0 × `0 the smallest allowed wave vector is qmin = 2pi/`0
for all considered cases. The critical buckling load σbR
thus scales as
σbR = κR(qmin)q
2
min ∼
{
κ0`
−2
0 , `0  `th
κ0`
−2+η
0 `
−η
th , `0  `th
. (6)
Note that the critical buckling load is temperature de-
pendent and scales as σbR ∼ T η/2 for elastic sheets that
are larger than the thermal length scale (`0  `th),
e.g. graphene, MoS2, and other 2D crystalline materials.
Compared to the classical value for the critical buckling
load σb0 = 4piκ0`
−2
0 at zero temperature [7, 8], thermal
fluctuations effectively increase the critical buckling load
due to the enhanced renormalized bending rigidity as
σbR
σb0
=
κR(qmin)
κ0
≡ κR(`0)
κ0
. (7)
Note that this is different from spherical shells, where
thermal fluctuations effectively reduce the critical buck-
ling pressure [85–88]. Note also that the applied external
load could affect the renormalization of the bending rigid-
ity as was previously demonstrated for sheets under ten-
sion [59, 63, 89–91]. This effect becomes important when
the contribution from external load in the denominator
of Eq. (5) becomes dominant, which happens only after
the sheet buckles. Thus we expect that the renormaliza-
tion of the bending rigidity is not significantly affected
up to the critical buckling load, but it is likely affected
in the post-buckling regime.
3✓
(a)
(b)
FIG. 2. (a) An elastic sheet is represented as an equilateral
triangulation of a rectangle with size `0x × `0y (`0x ≈ `0y)
where particles are positioned on lattice points with bending
and stretching energies defined along the edges and plaquettes
of the triangulation. (b) The bending energy is described
as a penalty of changing the dihedral angle θ between two
triangles sharing an edge. The stretching energy is described
as a penalty of changing the bond length a between the two
particles.
To test the prediction for the critical buckling load in
Eq. (5) we performed coarse-grained Molecular Dynam-
ics simulations, where the elastic sheet is discretized as
a triangulation of a nearly square sheet of size `0x × `0y
with `0x ≈ `0y (see Fig. 2a). Such simulations were pre-
viously used to test the renormalization of elastic con-
stants [67–69, 92] and they agreed very well with both the
continuum theory and the atomistic Monte Carlo simu-
lations [70, 71, 74] on scales that are much larger than
the lattice constant and interatomic spacing.
In the undeformed flat configuration, all triangles are
equilateral with the edge length a0. The bending and
stretching energies are described using a common dis-
cretization [93] of the continuum energy as
Ubend =
∑
<I,J>
kbend(1 + cos θIJ),
Ustretch =
∑
<i,j>
1
2
kstretch(aij − a0)2,
(8)
where θIJ is the dihedral angle between the neighbor tri-
angles I and J that are sharing an edge, and aij = |ri−rj |
is the Euclidean distance between the nearest-neighbor
particles i and j. Note that the discretization parameters
kbend and kstretch are directly related to the continuum
bending rigidity κ0 =
√
3
2 kbend, the continuum Young’s
modulus Y0 =
2√
3
kstretch, and the continuum Poisson’s
ratio ν0 = 1/3 [93, 94].
Molecular Dynamics simulations were performed us-
ing the LAMMPS package [95] (see Appendix for de-
tails). Unless otherwise noted the undeformed size of
the sheet was `0 = 100 a0 (`0x = 116 a0
√
3/2 ≈ 100.5 a0
and `0y = 100 a0). To adjust the thermal length scale
`th ∼ κ0/
√
kBTY0 we varied the temperature T , and
the bending and stretching spring constants kbend and
kstretch, respectively, which enabled us to explore a wide
range of thermal length scales (`0/`th ∈ (10−2, 105)).
Figure 3 shows typical stress-strain curves at low
temperature (`0/`th = 0.08) and at high temperature
(`0/`th = 2, 500) for 3 different loading and boundary
conditions, where compressive strains were prescribed
and were gradually increased in 3,000 increments, while
compressive stresses were calculated using the virial
stress equation and averaged over 30 independent sim-
ulation runs (see Appendix for details). Note that for
the biaxially and uniaxially compressed sheets with peri-
odic boundary conditions we plotted relative strains that
are calculated relative to the projected equilibrium sheet
length 〈`x(σ = 0)〉 at zero load, which was obtained with
an initial NPT simulation (see Appendix). The projected
equilibrium sheet length 〈`x(σ = 0)〉 is smaller than the
undeformed sheet length `0x due to the out-of-plane fluc-
tuations [58, 59, 96]. For the clamped boundary condi-
tion we were unable to perform NPT-like simulations.
Thus we plotted absolute strains that are calculated rel-
ative to the undeformed sheet length `0x. Note that
the sheet is under tension at zero absolute strain (nega-
tive stress values in Fig. 3c) because thermal fluctuations
cause shrinking of the sheet, which has to be then pulled
back to the initial length.
At low temperatures (`0/`th = 0.08 in Fig. 3) we re-
cover classical results [7, 8]. In the pre-buckling regime,
the slopes for the uniaxially and biaxially compressed
sheets are equal to Y0 and 2B0, respectively, where
B0 = Y0/[2(1−ν0)] is the 2D bulk modulus and ν0 = 1/3
is the Poisson’s ratio. In the post-buckling regime, the
slope is zero for the uniaxially compressed sheets, but
non-zero for the biaxially compressed sheets. This is be-
cause at the critical buckling load σb0 = 4piκ0`
−2
0 only
one mode (q1 = (2pi/`0x, 0)) becomes unstable for the
uniaxial compression (see Fig. 3b,c), while two modes
(q1 = (2pi/`0x, 0) and q2 = (0, 2pi/`0y)) become unsta-
ble for the biaxial compression (see Fig. 3a). The linear
combination of the two unstable modes produces Gaus-
sian curvature, which forces the sheet to stretch and the
resulting slope is reduced to B0/2 [7, 8]. Note that at
low temperatures we observe periodic oscillations in the
stress-strain curves (see `0/`th = 0.08 in Fig. 3). This is
because the auto-correlation times for the soft long wave-
length modes are very long and we were unable to fully
equilibrate the sheet.
At high temperatures (`0/`th = 2, 500 in Fig. 3) the
stress-strain curves exhibit larger fluctuations because
the amplitude of thermal fluctuations is increased, but
we can still identify two different regimes (red dashed
lines in Fig. 3) at low strains and large strains, which cor-
respond to the pre-buckling and post-buckling regimes.
The slopes in the pre-buckling regime for the uniaxi-
ally and biaxially compressed sheets correspond to the
renormalized Young’s modulus and bulk modulus, re-
spectively. Note that the renormalized Young’s modulus
and bulk modulus are reduced compared to the zero tem-
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FIG. 3. Representative simulation results for (a) biaxially compressed sheets with periodic boundary conditions, (b) uniaxially
compressed sheets with periocic boundary conditions, and (c) uniaxially compressed sheets with clamped-free boundary condi-
tions. Snapshots on the left show typical sheet configurations pre- and post-buckling. For clarity, the height profiles of sheets
(z coordinates) are also indicated by a heat map, where yellow indicates the largest heights and dark blue indicates the lowest
heights. Plots in the middle and right columns show characteristic stress-strain curves at low temperature (`0/`th = 0.08)
and at high temperature (`0/`th = 2, 500), respectively, where stresses are averaged over 30 simulation runs. Red dashed
lines show linear fits to the first 600 (pre-buckling) and to the last 900 points (post-buckling) out of total 3,000 points. For
periodic boundary conditions we plot relative strains  = (〈`x(σ = 0)〉 − `x)/`0x, where `0x and `x are the undeformed and the
deformed lengths of the sheet, respectively, and 〈`x(σ = 0)〉 corresponds to the equilibrium length of the sheet at zero load. For
clamped boundary conditions we plot absolute strains  = (`0x − `x)/`0x. Stresses σ are normalized with the zero temperature
critical buckling load σb0 = 4piκ0`
−2
0 . Strains  are normalized with the zero temperature critical buckling strains 
b
0, which are
b0 = σ
b
0/Y0 for the uniaxial compression and 
b
0 = σ
b
0/(2B0) for the biaxial compression, where B0 = Y0/[2(1 − ν0)] is the 2D
bulk modulus and ν0 = 1/3 is the Poisson’s ratio.
perature values (see Fig. 1), which is reflected in the fact
that slopes are less than 1 in the normalized stress-strain
curves in Fig. 3. Furthermore, the critical buckling load
(intersection of two red dashed lines) is significantly in-
creased compared to the zero temperature value as we
predicted in Eq. (7).
Finally, in Figure 4 we compare the critical buckling
load σbR obtained from the stress-strain curves (see Fig. 3)
with the theoretical predictions in Eq. (7). For the biaxi-
ally compressed sheets the critical buckling loads and the
confidence intervals were obtained by the cross-sections
of two linear lines that correspond to the fits for the pre-
and post-buckling regime (see Fig. 3a). For the uniaxially
compressed samples, the value of stress levels off in the
post-buckling regime (see Fig. 3b,c). Thus we estimated
the critical buckling load and confidence intervals by do-
ing long simulations at the maximum compressive strain
in the post-buckling regime (see Appendix for details).
By varying the size of the sheet `0, the ambient tem-
perature T , and the spring constants kbend and kstretch
for the bending and stretching, respectively, we are able
to tune the ratio of `0/`th by 7 orders of magnitude
(`0/`th ∈ (10−2, 105)). All the values for critical buck-
ling loads can be collapsed to a single scaling function as
predicted by the theory in Eq. (7).
For the biaxially and uniaxially compressed sheets with
periodic boundary conditions we get a remarkably good
agreement with the theoretical predictions, which con-
firms that thermal fluctuations increase the critical buck-
ling load due to the enhanced renormalized bending rigid-
ity. Recall that we were unable to fully equilibrate simu-
lations at low temperatures (oscillations for `0/`th = 0.08
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FIG. 4. Scaling functions for the critical buckling load σbR
for (a) biaxially compressed sheets with periodic boundary
conditions, (b) uniaxially compressed sheets with periocic
boundary conditions, and (c) uniaxially compressed sheets
with clamped-free boundary conditions. The critical buck-
ling loads σbR and confidence intervals (errorbars) were ob-
tained from the stress-strain curves in Fig. 3. Simulations
were done for two different sheet sizes `0 (blue dots and red
triangles) and thermal length scale `th defined in Eq. (4) was
tuned by varying the temperature T , and the spring constants
kbend and kstretch for the bending and stretching. The crit-
ical buckling loads σbR were normalized by the classical zero
temperature value σb0 = 4piκ0`
−2
0 and plotted as a function of
the normalized sheet size `0/`th. Dashed black line shows the
theoretical prediction from Eq. (7).
in Fig. 3), but in this regime the effects of thermal fluc-
tuations are small and the critical buckling loads σbR are
well approximated by the classical critical buckling load
σb0 = 4piκ0`
−2
0 . At very large temperatures (`0/`th & 104)
we observe systematic deviation from the theoretical pre-
diction. Inspection of the sheet configurations revealed
that the local bond strains fluctuate by ±5 − 10% and
that the local dihedral angles fluctuate by ±20◦. For such
large fluctuations the discretized energy in Eq. (8) starts
deviating from the linear elastic sheet that was assumed
for theoretical calculation. Furthermore, according to
the Lindemann criterion [97, 98], such large fluctuations
would cause the sheet to melt, which was prevented in
our simulations, where the connectivity between parti-
cles was fixed. Melting of fluctuating sheets is still an
unresolved problem and we leave this for future work.
For the uniaxially compressed sheets with clamped
boundary condition, we also observe a scaling collapse of
the critical buckling load (Fig. 4c). However, we notice
a systematic deviation from the theoretical prediction in
Eq. (7). In previous studies of thermalized ribbons it was
noted that the effect of clamped boundaries decays in the
bulk with the scale that is of the order of the width of the
ribbon [92, 99, 100]. Thus the effect of clamped bound-
aries is felt throughout the square sheets, which affects
the renormalization of the bending rigidity in the bulk.
Nonetheless, in this case we still see that thermal fluctu-
ations can significantly increase the critical buckling load
for large values of `0/`th.
The results presented above are universal and they
hold for any free-standing elastic sheet, where the con-
tinuum theory applies, i.e. when the sheet is much larger
than the microscopic cutoff, e.g. the interatomic spac-
ing in 2D crystalline sheets. For sheets that are much
smaller than the thermal length scale `th ∼ κ0/
√
kBTY0
thermal fluctuations are negligible and classical mechan-
ics applies. This is the case for all macroscopic sheets
and plates because the thermal length scale rapidly in-
creases with the sheet thickness t and scales as `th ∼
t5/2E1/2(kBT )
−1/2, where E is the 3D Young’s modulus
(κ0 ∼ Et3, Y0 ∼ Et). As the sheet thickness is reduced
to the order of nanometers, as is the case for clay plates
and red blood cells, the thermal length scale `th becomes
comparable to the size `0 of the sheet. In this regime
thermal fluctuations become relevant and the renormal-
ized bending rigidity and the critical buckling load are
mildly increased (Fig. 4). Note that in red blood cells
the molecular activity produces non-equilibrium fluctua-
tions, which dominate over the thermal fluctuations on
large length scales as was deduced from the breakdown of
the fluctuation-dissipation theorem [101]. In the future
it would thus be worth exploring how such dynamic non-
equilibrium fluctuations affect the mechanical properties
of slender structures.
As the sheet thickness is reduced to the atomistic
scale, such as for graphene, boron nitride, transition
metal dichalcogenide, and other 2D materials, the ther-
mal length scale becomes of the order of nanometers
at room temperature, which is much smaller than the
characteristic size of these sheets. In this regime ther-
mal fluctuations significantly increase the critical buck-
ling load (`0/`th  1 in Fig. 4), which becomes tem-
perature dependent and scales as σbR ∼ κ0`−2+η0 `−ηth ∼
κ1−η0 `
−2+η
0 (kBTY0)
η/2. In this letter we focused on pris-
6tine elastic sheets, but defects are often unavoidable in
2D materials and they produce static ripples. It was
previously demonstrated that quenched defects also en-
hance the bending rigidity and they can dominate over
the thermal fluctuations when the amplitudes of static
ripples is larger than the amplitude of height fluctua-
tions due to temperature [65, 89, 102–107]. Since the
critical buckling load studied in this work scales with
the effective bending rigidity, we expect that defects and
static ripples will also increase the critical buckling load.
Moreover, the static ripples and other mechanical de-
formations in 2D materials can affect their electronic
transport [58, 108–113]. The coupling between elastic
deformations and the electronic degrees of freedom could
also affect the effective mechanical behavior of suspended
membranes [114–118]. In particular, they could produce
spontaneous buckling [119–121] and stable ripples [122–
124].
We hope this letter will stimulate further experimental,
numerical, and theoretical investigations of the stability
and mechanical properties of thermalized sheets as well
as extensions to more complicated geometries found in
microscopic kirigami and origami structures.
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Appendix A: Molecular Dynamics simulations
All Molecular Dynamics simulations were performed
using the LAMMPS package [95]. We chose the lattice
constant a0, the particle mass m, and kBT as the funda-
mental units for length, mass, and energy, respectively.
The units of time and stress were τ = a0
√
m/kBT and
σ = kBT/a
2
0, respectively. The velocity Verlet algorithm
was used for the integration of equations of motion with
a timestep of ∆t = 0.005τ and Nose´-Hoover thermostat
and barostat [125] were used to control the ambient tem-
perature and pressure, where needed. For all simulations
we fix the box height in the z-direction, where periodic
boundary conditions were used. In all simulations stress
components were computed using the virial stress equa-
tion [125].
For simulations with periodic boundary conditions we
initially equilibrated the sheet by doing 2×106 timesteps
of the NPT simulation at zero pressure such that 〈σxx〉 =
〈σyy〉 = 0. After that we gradually strain the system in
3,000 increments with 5,000 timesteps between each in-
crement to equilibrate the sheet. Our sensitivity analysis
showed that doubling the equilibration time interval after
each strain increment did not affect the results. For the
biaxial compression we strain the system by prescribing
the reduced box size in both x- and y-directions. For the
uniaxial compression we strained the system by prescrib-
ing the reduced box size in the x-direction, while the box
size in the y-direction was allowed to fluctuate such that
〈σyy〉 = 0.
For simulations with clamped boundary conditions we
fixed two rows of particles along each of the two opposite
edges. These particles were clamped in the x- and z-
directions, but they were free to move in the y-direction.
The two other edges were free to move and they were
independent, i.e. they were not connected with peri-
odic boundary condition. For these sets of simulations
we gradually strained the system by bringing the two
clamped edges closer together in 3,000 increments with
5,000 timesteps between each increment to equilibrate
the compressed sheet.
The post-buckling stress for the uniaxially compressed
sheets with periodic and clamped boundary conditions
were calculated by performing 2 × 107 timesteps at the
maximum compressive strain and the average compres-
sive stress was estimated using the virial stress equation.
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